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Devwudfw
Wkh fohdu gh￿qlwlrq ri surshuw| uljkwv lv qrw d vx!flhqw frqglwlrq wr
suhyhqw frqjhvwlrq h￿hfwv lq frpprqv1 Lq wklv sdshu zh suhvhqw krz lq0
whuhvwlqj fdq eh wkh frruglqdwlrq dprqj rzqhuv lq wkh suhvhuydwlrq ri d
frpprq jrrg1 Rxu dssurdfk wdnhv lqwr dffrxqw hfrqrplf g|qdplfv dqg
lqfhqwlyh phfkdqlvpv lq d klgghq lqirupdwlrq frqwh{w1 Zh frqvlghu d
qdwxudo uhvrxufh zklfk lv ehlqj xvhg xs iru d frqwlqxxp ri surgxfhuv rq
d frpprq surshuw| uhjlph1 Zh dovr frqvlghu wkdw hdfk surgxfhu kdv dq
lqglylgxdo shuirupdqfh lqgh{ zklfk lv d klgghq lqirupdwlrq iru wkh uhvw ri
sod|huv1 Zh lqwurgxfh frruglqdwlrq lq wkh vhqvh ri d joredo pd{lpl}dwlrq
ri wkh mrlqw sur￿w1 Li wkhuh lv qr frruglqdwlrq dprqj wkh surgxfhuv/ wkhlu
ehkdylru ohdgv wr frpsohwh uhqw glvvlsdwlrq1 Zh irfxv rxu prgho lq wkh
fdvh ri wkh surgxfhuv frqylqfhg wr frruglqdwh wkhlu dfwlrqv lq rughu wr
suhvhuyh wkhlu rzq hfrqrplf vxvwdlqdelolw|1 Xqghu shuihfw lqirupdwlrq zh
￿qg wkdw wkh h{foxvlrq ri d vxevhw ri surgxfhuv fdq dsshdu dqg krz lw
lv hqgrjhqrxvo| ghwhuplqhg1 Xqghu dv|pphwulf lqirupdwlrq zh sursrvh
d txdqwlw|0wudqvihu frqwudfw zklfk ohdg xv wr wkh suhylrxv vwdwlrqdu| glv0
srvdo vwrfn ri wkh uhvrxufh zlwkrxw h{foxvlrq1
NH\ ZRUGV= Frpprqv> Qdwxudo Uhvrxufhv> G|qdplfv>
Dv|pphwulf Lqirupdwlrq> Frqwudfwv1
4       	  
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Lq wkh olwhudwxuh rq qdwxudo uhvrxufhv dqg hqylurqphqwdo srolf| zh ￿qg pdq|
dssurdfkhv frqfhuqlqj wkh exuqlqj sureohp ri pdqdjlqj wkh frpprqv1 Lq prvw
ri wkhp wkh nh| txhvwlrq lv wkh frqfhsw ri surshuw|1 Zkhq uljkwv ri surshuw|
duh qrw fohduo| gh￿qhg/ wkh ￿qdo lvvxh ri frpprqv lv riwhq wkh frpsohwh uhqw
glvvlsdwlrq +rshq dffhvv uhjlphv,1 Krzhyhu wkh fohdu gh￿qlwlrq ri surshuw| uljkwv
lv qrw d vx!flhqw frqglwlrq wr suhyhqw frqjhvwlrq h￿hfwv +vhh Rvwurp +4<<3,,1
Lq wklv sdshu zh zdqw wr suhvhqw krz pxfk lqwhuhvwlqj fdq eh wkh frrugl0
qdwlrq dprqj rzqhuv lq wkh suhvhuydwlrq ri d frpprq jrrg1 Rxu dssurdfk
wdnhv lqwr dffrxqw hfrqrplf g|qdplfv ri qdwxudo uhvrxufhv +vhh Vkrqh +4<<:,
dqg Fkldqj +4<<5,, dqg lqfhqwlyh phfkdqlvpv lq d klgghq lqirupdwlrq frqwh{w
+vhh Od￿rqw dqg Wluroh +4<<6, dqg Vdodql￿ +4<<7,,1
Zh frqvlghu d qdwxudo uhvrxufh zklfk lv ehlqj xvhg xs iru d frqwlqxxp ri
surgxfhuv rq d frpprq surshuw| uhjlph1 Zh dovr frqvlghu wkdw hdfk surgxfhu
kdv dq lqglylgxdo shuirupdqfh lqgh{ zklfk lv d klgghq lqirupdwlrq iru wkh uhvw
ri sod|huv +iru d vlplodu dssurdfk vhh Od￿rqw dqg Wluroh +4<;9,,1
Wkhuh duh wzr fdvhv lq zklfk zh irfxv rxu prgho1 Wkh ￿uvw fdvh rffxuv
zkhq wkhuh lv qr frruglqdwlrq dprqj wkh surgxfhuv1 Lq vxfk d frqwh{w dw dq|
wlph w hdfk surgxfhu pd{lpl}hv klv rzq sur￿w ixqfwlrq iroorzlqj wkh p|rslf
uxoh +Kduglq 4<9;,1 Wkh orqj uxq lvvxh lv wkh frpsohwh uhqw glvvlsdwlrq/ dv lq d
frqwh{w ri rshq dffhvv1
Lq wkh vhfrqg fdvh wkh surgxfhuv duh frqylqfhg wr frruglqdwh wkhlu dfwlrqv
lq rughu wr suhvhuyh wkhlu rzq hfrqrplf vxvwdlqdelolw|1 Zh dvvxph d uhjxod0
wlrq dxwkrulw| zkr fdq lpsrvh frpsoldqfh wr wkh surgxfhuv1 Wkh frruglqdwlrq
dsshduv lq wkh vhqvh ri d joredo pd{lpl}dwlrq ri wkh mrlqw sur￿w1
Lq wkh ￿uvw vwhs zh frqvlghu wkh shuihfw lqirupdwlrq frqwh{w dqg wkh vwdwlrq0
du| htxloleulxp iru zklfk wkh glvsrvdo vwrfn ri wkh uhvrxufh qhlwkhu ghshqgv rq
wkh wrwdo dprxqw ri h{wudfwlrq qru rq wkh qxpehu ri surgxfhuv h{wudfwlqj wkh
uhvrxufh1 Krzhyhu wkh lqglylgxdo vkduh ri h{wudfwlrq dqg wkh vkdgrz frvw ri wkh
uhvrxufh ghshqg erwk rq d sdudphwhu wkdw zh fdoohg wkh iurqwlhu djhqw1
Wkh iurqwlhu djhqw lv wkh odvw surgxfhu qrw doorzhg wr h{wudfw qhduhvw wkh ￿uvw
djhqw h{wudfwlqj wkh uhvrxufh1 Zh vkrz krz wkh iurqwlhu djhqw lv hqgrjhqrxvo|
ghwhuplqhg e| wkh uhqhzdelolw| ixqfwlrq ri wkh uhvrxufh dqg wkh sur￿w ixqfwlrq
ri wkh surgxfhuv1 Wzr h{wuhph fdvhv duh irxqghg1 Wkh ￿uvw rqh dsshduv zkhq doo
surgxfhuv duh jrlqj rq h{wudfwlqj wkh uhvrxufh1 Lq wklv fdvh doo ri wkh surgxfhuv
h{wudfw dqg xvhg xs wkh uhvrxufh/ wkhuh lv qr h{foxvlrq dqg wkh glvsrvdo vwrfn
ri wkh uhvrxufh lv dozd|v srvlwlyh1 Wkh vhfrqg rqh hphujhv zkhq wkh iurqwlhu
djhqw lv ￿rq wkh wrs￿ ri wkh frqwlqxxp ri surgxfhuv1 Wklv fdvh lv htxlydohqw wr
wkh vroh rzqhu vroxwlrq1
Wkh nh| txhvwlrq lv wkdw wkh iurqwlhu djhqw lpsolhv h{foxvlrq1 Wkh sureohp
kdsshqv zkhq wkh uhjxodwru dxwkrulw| fdq qrw lpsrvh frpsoldqfh wr wkh sur0
gxfhuv dqg doo ri wkhp dffhvv wr wkh uhvrxufh +Vdpxhovrq dqg Qrugkdxv 4<<3,/
hyhq wkrvh zkr zrxog eh qrw doorzhg wr h{wudfw wkh uhvrxufh1
Lq wkh vhfrqg vwhs zh frqvlghu wkh pdqdjhphqw lq dq dv|pphwulf lqirupd0
wlrq frqwh{w1 Wkh wkhruhwlfdo vroxwlrq ri wklv nlqg ri sureohpv lv zhoo nqrzq e|
5wkh vhplqdo dssurdfk ri Edurq dqg P|huvrq +4<;5, dqg pdq| hpskdwlf h{whq0
vlrqv +vhh Jxhvqhulh dqg Od￿rqw +4<;7, iru d jhqhudo dssurdfk> vhh Erxujhrq/
Md|hw dqg Slfdug +4<<8, iru dssolfdwlrq wr djulfxowxudo dqg qdwxudo uhvrxufhv1,1
Wkh frvw ri uhjxodwlrq lv reylrxvo| juhdwhu wkdq wkh fdvh ri frruglqdwlrq xq0
ghu shuihfw lqirupdwlrq1 Krzhyhu zh ￿qg wkh vdph vwdwlrqdu| glvsrvdo vwrfn ri
wkh uhvrxufh dqg wkh vdph vwdwlrqdu| joredo dprxqw ri h{wudfwlrq lq dq| fdvh
frqvlghuhg lq wkh sdshu +h{fhswlqj wkh fdvh ri frpsohwh uhqw glvvlsdwlrq,1
Wkh pdlq gl￿huhqfh ehwzhhq wkh uhjxodwlrq e| frruglqdwlrq lq shuihfw lq0
irupdwlrq dqg wkh lqfhqwlyh phfkdqlvp sursrvhg lq dv|pphwulf lqirupdwlrq lv
wkdw wkh vhfrqg rqh grhv qrw frqvlghu wkh h{foxvlrq ri dq| vxevhw ri surgxfhuv1
Lq vhfwlrq 5 zh suhvhqw wkh edvlf prgho1 Lq vhfwlrq 6 zh h{srvh wkh fdvh
ri frruglqdwlrq xqghu shuihfw lqirupdwlrq zlwk wkh srvvleoh dsshdudqfh ri wkh
iurqwlhu djhqw sureohp1 Wkh fdvh ri dv|pphwulf lqirupdwlrq lv frqvlghuhg lq
vhfwlrq 7/ zkhuh zh sursrvh wkh frqwudfw1 Zh dovr frpsduh wkh vwdwlrqdu|
htxloleuld1 Lq vhfwlrq 8 zh jlyh vrph uhvxowv dvvxplqj vshfl￿f ixqfwlrqv ri wkh
jurzwk udwh/ wkh sur￿wv dqg wkh glvwulexwlrq ri wkh surgxfhuv* fkdudfwhulvwlfv1
Zh dovr pdnh vrph sduwlfxodu dvvxpswlrqv derxw wkh sur￿w ixqfwlrq1 Ilqdoo|
zh dgg vrph frqfoxglqj uhpdunv lq vhfwlrq 91
  
Ohw xv frqvlghu d uhqhzdeoh uhvrxufh zklfk lv ehlqj h{wudfwhg dqg xvhg xs iru
d frqwlqxxp ri surgxfhuv1 Wkh surgxfwlrq surfhvv lv olqnhg wr dq lqglylgxdo
fkdudfwhulvwlfv ￿/ zklfk fdq eh lqwhusuhwhg dv d shuirupdqfh lqgh{1 Zh dvvxph
wkdw ￿ lv glvwulexwhg dffruglqj wr wkh fxpxodwlyh ixqfwlrq ￿+￿, dqg wkh ghqvlw|
ixqfwlrq ￿ +￿,/ srvlwlyh dqg gh￿qhg rq wkh lqwhuydo ^3>4‘1 Wkh vwrfn ri wkh
uhvrxufh lv qrwhg {+w, dv wkh vwdwh yduldeoh dqg t+￿>w, ghqrwhv wkh lqglylgxdo
udwh ri h{wudfwlrq ri wkh uhvrxufh dw wlph w dv wkh frqwuro yduldeoh1 Wkh jurzwk
ixqfwlrq ri wkh uhvrxufh lv qrwhg I+{, dqg zh dvvxph wkdw wkh lqlwldo vwrfn
{+3, @ {3 lv jlyhq1 Wkh lqglylgxdo sur￿w ixqfwlrq lv qrwhg ￿+t>￿, zlwk wkh
surshuwlhv ￿3
t A 3/ ￿33
tt ? 3 dqg ￿33
t￿ A￿ 1 Wkh wzr ￿uvw surshuwlhv duh jhqhudo
dvvxpswlrqv derxw wkh sur￿w ixqfwlrq dv lq pdq| hfrqrplf prghov1 Wkh odvw
rqh phdqv wkdw wkh pdujlqdo surgxfwlylw| lqfuhdvhv zlwk wkh shuirupdqfh ￿1
Zh dovr frqvlghu d sxeolf uhjxodwru vhdufklqj iru wkh pd{lpl}dwlrq ri wkh
mrlqw sur￿w lq wkh orqj uxq1 Wkh glvfrxqw udwh lv qrwhg ￿1 Wkh uhjxodwru kdv
wr wdnh dffrxqw ri wkh olplwhg dydlodelolw| ri wkh uhvrxufh dw dq| wlph1 Wkh













4Wkh grwwhg v|pero ￿ % ghqrwhv wkh wlph ghulydwlyh _%
_|




t+￿>w,￿+￿,g￿ ￿ {+w, +F6,
Lq wkh uhqhzdelolw| frqvwudlqw +F4,/ I +{, ghqrwhv wkh jurzwk ixqfwlrq ri wkh
uhvrxufh dqg
U 4
3 t+￿>w,￿+￿,g￿ ghqrwhv wkh wrwdo dprxqw ri frqvxpswlrq ri wkh
uhvrxufh dw dq| wlph w1 Zh dovr lqwurgxfh wkh frqvwudlqw F5 lq rughu wr kdyh qrq
qhjdwlyh lqglylgxdo vkduhv ri h{wudfwlrq1 Ilqdoo|/ wkh F6 frqvwudlqw phdqv wkdw
wkh glvsrvdo vwrfn ri wkh uhvrxufh kdv wr eh dw ohdvw htxdo wr wkh wrwdo dprxqw
ri frqvxpswlrq dw dq| wlph w1
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Ohw xv uhfdoo wkdw zh irfxv rq wkh fdvh lq zklfk wkh uhvrxufh lv pdqdjhg lq d
frpprq surshuw| uhjlph1 Lq wklv vhfwlrq zh dovr frqvlghu wkdw wkh surgxfhuv
frruglqdwh wkhlu dfwlrqv wr pdlqwdlq wkh uhqhzdelolw| ri wkh uhvrxufh1 Lq vxfk d
frqwh{w wkh glvsrvdo vwrfn ri wkh uhvrxufh lv qrw h{wudfwhg dw hdfk wlph w1 Frqvh0
txhqwo| wkh frqvwudlqw F6 lv qrw elqglqj dqg lwv dvvrfldwhg Odjudqjh pxowlsolhu
lv qxo1
Rwkhuzlvh wkh surgxfhuv duh lq wkh fdvh ri frpsohwh uhqw glvvlsdwlrq= dw dq|
wlph w hdfk surgxfhu pd{lpl}hv klv rzq sur￿w ixqfwlrq iroorzlqj wkh p|rslf
uxoh dqg gdpdjlqj wkh uhqhzdelolw| ri wkh uhvrxufh1 Wkdw phdqv
￿3
t +t￿ +￿>w,>￿, @3;￿ ;w +, b { @ I +{, ￿
] 4
3
t￿+￿>w,￿+￿,g￿ ? 3 +4,
zkhuh t￿+w>￿, ghqrwhv wkh rswlpdo h{wudfwlrq udwh iru wkh djhqw ￿1 Wkh vwdwlrqdu|
lvvxh ri wklv vlwxdwlrq lv d qxo vwrfn { @3dqg wkh zkroh fxw ri wkh surgxfwlrq
v|vwhp1
Ixuwkhupruh zh vxssrvh wkdw wkh uhjxodwlrq dxwkrulw| fdq lpsrvh frruglqd0
wlrq wr wkh djhqwv lq rughu wr pd{lpl}h wkh mrlqw sur￿w lq wkh orqj uxq1 Lq wklv
zd| lw lv srvvleoh wkdw rqo| wkh pruh shuiruphu surgxfhuv duh doorzhg wr h{wudfw
wkh uhvrxufh1 Wkhuhiruh wkh F5 frqvwudlqw lv elqglqj iru wkrvh ￿ zkr kdyh qr
dffhvv wr wkh uhvrxufh1 Wkh Odjudqjh pxowlsolhu dvvrfldwhg wr wkh F5 frqvwudlqw
lv qrwhg %+￿,1 Wkh frvwdwh yduldeoh dvvrfldwhg wr {+w, lv qrwhg ￿+w,1
Lq wkh fdvh
Ct
C￿ A 3 +vhh surri lq dsshqgl{ D,/ zh nqrz wkdw li wkhuh h{lvwv d
￿ ￿ surgxfhu iru zkr t+￿ ￿>w, @3dqg ￿3
t+t+￿ ￿>w,>￿ ￿, @ ￿ wkhq iurp wklv ￿ ￿ djhqw wr
wrs +￿ @4 , doo wkh surgxfhuv h{wudfw> rwkhuzlvh wkh| duh qrw doorzhg wr xvh xs
wkh uhvrxufh1 Zh fdoo ￿ ￿ wkh iurqwlhu djhqw1 Wkdw phdqv

















gw @3 1 Wkh surjudp ri wkh uhjxodwru lq


















Iurp wkh pd{lpl}dwlrq frqglwlrqv ri wkh surjudp deryh +vhh dsshqgl{ E,
zh ￿qg wkh vwdwlrqdu| htxloleulxp dv jlyhq lq wkh qh{w sursrvlwlrq51
Sursrvlwlrq 4 Wkh pd{lpl}dwlrq ri wkh surjudp ri wkh uhjxodwru dxwkrulw| lq
wkh fdvh ri frpprq surshuw| xqghu frruglqdwlrq ohdgv wr wkh iroorzlqj vwdwlrqdu|
htxloleulxp fkdudfwhul}hg e| wkh htxdwlrqv
I3+￿ {, @ ￿ +8,
] 4
￿ ￿
￿ t+￿,￿+￿,g￿ @ I +￿ {, +9,
￿ ￿ @ %+￿, . ￿3
t +￿ t+￿,>￿, +:,
￿A￿ ￿ , %+￿, @3> ￿ ￿ ￿ ￿ , %+￿, A 3 +;,
Dv zh fdq vhh wkh vwdwlrqdu| glvsrvdo vwrfn ghshqgv rqo| rq wkh jurzwk
ixqfwlrq dqg rq wkh glvfrxqw udwh1 Vr wkh wrwdo dprxqw ri frqvxpswlrq ri wkh
uhvrxufh dqg wkh qxpehu ri surgxfhuv h{wudfwlqj lw gr qrw kdyh lq xhqfh rq
wkh orqj uxq lvvxh ri wkh glvsrvdo uhvrxufh1 Doo wkh glvsrvdo vwrfn/ wkh lqglylg0
xdo h{wudfwlrq udwh/ wkh iurqwlhu djhqw dqg wkh vkdgrz frvw ri wkh uhvrxufh duh
hqgrjhqrxvo| ghwhuplqhg1
Wkh Iurqwlhu Djhqw
Dv vkrzq lq vhfwlrq 6/ wkh iurqwlhu djhqw ￿ ￿ hphujhv qdwxudoo| iurp wkh jurzwk
ixqfwlrq dqg wkh sur￿w ixqfwlrq1 Zh ￿qg wzr h{wuhph fdvhv1
Iluvw/ zkhq wkhuh lv qr ￿ ￿1 Lq vxfk d fdvh doo ri wkh surgxfhuv duh doorzhg
wr h{wudfw wkh uhvrxufh1 Wkh frruglqdwlrq +lq wkh vhqvh ri pd{lpl}h wkh mrlqw
sur￿w, lv zhoo dffhswhg e| doo ri wkh djhqwv ehfdxvh wkhuh lv qr h{foxvlrq ri dq|
vxevhw ri surgxfhuv1
Wkh rwkhu h{wuhph fdvh/ zkhq ￿ ￿ @4 / lv htxlydohqw wr wkh vroh rzqhu vroxwlrq1
Li wkhuh zloo eh dq rqo| surgxfhu lw zloo eh wkh ￿ @4surgxfhu1
Ohw xv qrz frpsduh wkh fdvh lq zklfk wkhuh lv qr d iurqwlhu djhqw dqg wkh




wkh vwdwlrqdu| htxloleulxp zkhq t +￿>w, A 3
iru doo ri wkh surgxfhuv +vhh wkh dsshqgl{ I,1 Zh ￿qg wkdw wkh vwrfn htxloleulxp
lv htxlydohqw lq erwk fdvhv +￿ { @ {,1E |
Ct
C￿ A 3 dqg e| wkh htxdwlrqv 9 dqg 58
zh nqrz wkdw ￿ t +￿, ￿ t +￿,1 Frqvhtxhqwo| dqg e| ￿33
tt ? 3 dqg wkh htxdwlrqv :
5Qrwh wkdw iru zulwlqj vlpsol￿fdwlrq dqg iru dq| vwdwlrqdu| yduldeoh lq wkh sdshu zh duh
jrlqj wr zulwh 7 %Ew￿ lqvwhdg *￿4
|<n"
7 %Ewc|￿ lq wkh fdvh ri shuihfw lqirupdwlrq dqg ￿ %Ew￿ lqvwhdg
*￿4
|<n"
￿ %Ewc|￿ lq wkh fdvh ri dv|pphwulf lqirupdwlrq1
8dqg 59 zh duh doorzhg wr frpsduh wkh vkdgrz frvw ri wkh uhvrxufh lq wkh vhqvh
￿ ￿ ￿ ￿1 Ixuwkhupruh zkhq ￿ ￿ @3zh ￿qg ￿ t @ t / vr wkh htxlydohqfh ehwzhhq wkh
￿uvw h{wuhph fdvh dqg wkh jhqhudo rqh lv grqh1
Lq doo ri wkh rwkhu fdvhv/ iru dq| ￿ ￿ 5 +3>4, wkh h{foxvlrq ri vrph surgxfhuv





Ohw xv qrz wklqn derxw d frqwh{w ri dv|pphwulf lqirupdwlrq zkhuh wkh surgxf0
huv nqrz wkhlu rzq ￿ fkdudfwhulvwlfv zklfk lv xqnqrzq e| wkh uhjxodwru1 Dv wkh
xvxdo dssolfdwlrq ri wkh uhyhodwlrq sulqflsoh/ zh uhwdlq d gluhfw uhyhdolqj phfkd0
qlvp zklfk frpelqhv dq lqglylgxdo vkduh ri h{wudfwlrq a t+￿>w, dqg dq lqglylgxdo
wudqvihu ￿+￿>w,1 Wklv phfkdqlvp uhtxluhv wkdw wkh sulqflsdo dvnv hdfk surgxfhu
iru klv ￿ fkdudfwhulvwlfv1 Wkh uhjxodwru kdv wr ghvljq wkh ehvw phfkdqlvp ohdglqj
dq| surgxfhu wr uhyhdo klv rzq wuxwkixo fkdudfwhulvwlfv1
Wkh pd{lpl}dwlrq surjudp ri dq| ￿ surgxfhu dffhswlqj wkh frqwudfw lv
pd{
a ￿
￿+a t+a ￿>w,>￿, . ￿+a ￿>w,
zkhuh a ￿ lv wkh dqqrxqfh ri wkh ￿ fkdudfwhulvwlfv1
Sursrvlwlrq 5 Wkh lqfhqwlyh frqvwudlqwv duh
￿3
t +a t +￿>w,>￿, b a t .b ￿ @3 +LF4,
b a t ￿ ￿33
t￿ +a t+￿>w,>￿, A 3 +LF5,
Vhh wkh surri lq dsshqgl{ F1
Wkh sduwlflsdwlrq frqvwudlqw jxdudqwhhv srvlwlyh sur￿wv iru doo wkh surgxfhuv
dffhswlqj wkh frqwudfw1
￿+a t+￿>w,>￿,.￿+￿>w, ￿ ￿+t￿ +￿>w,>￿, +SF,
Qrwh wkdw hdfk surgxfhu kdv wzr rswlrqv= wr dffhsw wkh frqwudfw ru wr uhixvh
lw dqg fkrrvh wkh h{wudfwlrq udwh fruuhvsrqglqj wr wkh rshq dffhvv lvvxh +vhh
htxdwlrq 4,1




















a t+￿>w,￿+￿,g￿ ￿ {+w, +F6*,
Dv lq vhfwlrq 5/ zh frqvlghu wkdw wkh F4* frqvwudlqw lv qrw elqglqj/ vr lwv
dvvrfldwhg Odjudqjh pxowlsolhu lv qxo1 Wkh frqvwudlqw LF5 zloo kdyh wr eh yhul0
￿hg h{0srvw/ dv xvxdoo| sudfwlfhg lq wkhru| ri frqwudfwv1 Zh qrwh ￿ dqg ￿ wkh
Odjudqjh pxowlsolhuv uhvshfwlyho| dvvrfldwhg wr wkh SF dqg LF4 frqvwudlqwv1 Zh
nqrz wkdw wkh vljq ri wkh lqirupdwlrq uhqw uhodwhg wr wkh ￿ fkdudfwhulvwlfv lv
qhjdwlyh6 +gU
g￿ ? 3,/ vr wkh SF frqvwudlqw lv rqo| vdwxudwhg iru ￿ @4+￿ @3iru
￿ 9@4dqg ￿A3 iru ￿ @4 ,1 Wkh rssruwxqlw| frvw ri uhjxodwlrq lv qrwhg ￿1 Wkh















%+￿, a t . ￿
￿
￿3
t +a t>￿, b a t .b ￿
￿
. ￿ +￿+a t>￿, . ￿ ￿ ￿+t￿>￿,,
l
￿+￿,g￿




^￿+a t>￿, ￿ ￿a t . %+￿, a t‘￿+￿,g￿ ￿ ￿
] 4
3
￿ +￿,￿+￿,g￿ . ￿I +{,
.￿ ^￿+a t>4, . ￿ +4, ￿ ￿+t￿>4,‘
Zh fdq hdvlo| vlpsoli| wklv h{suhvvlrq lqwhjudwlqj e| sduwv wkh
U
￿￿g￿ whup











Zh dsso| wkh Hxohu uhodwlrq lq rughu wr ￿qg wkh rswlpdo lqglylgxdo vkduh ri
h{wudfwlrq a t+￿>w,1 Dv vdlg deryh/ wkh sduwlflsdwlrq frqvwudlqw lv vdwxudwhg iru
￿ @4 /v r￿+4>w,@￿+t￿ +4,>4, ￿ ￿+a t +4,>4,= Iurp SF/ LF4 dqg gU
g￿ ? 3 zh
rewdlq wkh rswlpdo wudqvihu ri wkh frqwudfw1
Sursrvlwlrq 6 Wkh rswlpdo frqwudfw sursrvhg wr wkh djhqwv lv ^a t +￿>w,>a ￿ +￿>w,‘
vxfk wkdw




t￿ +a t+￿>w,>￿, @ +4.￿,￿3
t +a t+￿>w,>￿, . %+￿, ￿ ￿+w, +<,




t +a t +￿>w,>￿, b a t￿+￿,g￿ +43,
Ohw xv frqvlghu wkh fdvh lq zklfk doo wkh surgxfhuv duh doorzhg wr h{wudfw
wkh uhvrxufh1 Li a t+￿, A 3 ;￿/ wkhq wkh Nxkq0Wxfnhu frqglwlrq lv %+￿, @3;￿1
Zkhq wkh rssruwxqlw| frvw lv vxfk dv ￿ @3 / zh fdq hdvlo| ￿qg lq htxdwlrq <
wkh Krwhoolqj uxoh1
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Rxu lqfhqwlyh phfkdqlvp ohdgv wr d orqj uxq htxloleulxp lq zklfk wkh wrwdo
glvsrvdo vwrfn ri wkh uhvrxufh lv wkh vdph wkdw lq fdvh ri vhfwlrq 6/ dv zhoo dv
wkh joredo dprxqw ri h{wudfwlrq ri wkh frpprq jrrg1
Sursrvlwlrq 7 Wkh vwdwlrqdu| htxloleulxp lq dv|pphwulf lqirupdwlrq ohdgv wr
wkh vwrfn a {/ wkh lqglylgxdo vkduh ri h{wudfwlrq a t+￿, dqg wkh vkdgrz frvw ri wkh




a t+￿,￿+￿,g￿ @ I +a {, +45,
a ￿ @ +4.￿,￿3




t￿ +a t>￿, +46,
Wkh lqglylgxdo vkduh ri h{wudfwlrq dqg wkh vkdgrz frvw ri wkh uhvrxufh lq
wkh vwdwlrqdu| htxloleulxp xqghu dv|pphwulf lqirupdwlrq jhqhudoo| gl￿hu erwk






Iljxuh 4= Glvwulexwlrq ri txdqwlwlhv dffruglqj wr wkh fkdudfwhulvwlfv ￿ +t￿ =f d v h
ri uhqw glvvlsdwlrq> t = shuihfw lqirupdwlrq zlwkrxw h{foxvlrq> a t = dv|pphwulf
lqirupdwlrq,1
" 
   # 
Zh vkrz lq wklv vhfwlrq d sduwlfxodu fdvh ri wkh jhqhudo uhvxowv ri wkh suhfhglqj
vhfwlrqv 6 dqg 71 Rxu ￿uvw dvvxpswlrq frqfhuqv wkh lqglylgxdo sur￿w ixqfwlrq1
Zh frqvlghu wkdw wkhuh lv d surgxfwlrq v|vwhp wudqviruplqj d uhqhzdeoh uhvrxufh
lqwr dq rxwsxw1 Wkh sur￿w ixqfwlrq lv vxfk wkdw
￿+t>￿, @ soq+4.t+￿>w,, ￿ +4 ￿ ￿,t+￿>w,
;zkhuh s lv wkh h{rjhqrxv pdunhw sulfh ri wkh rxwsxw dqg +4 ￿ ￿, ghqrwhv wkh
pdujlqdo frvw ri h{wudfwlrq ri wkh qdwxudo lqsxw +wkh uhqhzdeoh uhvrxufh,1 Wkh
surgxfwlrq ixqfwlrq oq+4 . t+￿>w,, lv vxfk wkdw wkh jurvv pdujlq yhul￿hv ￿3
t A 3/
￿33
tt ? 3 dqg ￿33
t￿ A￿ 1 Zh dovr frqvlghu wkdw wkh ￿ fkdudfwhulvwlfv lv glvwulexwhg
dffruglqj wr wkh xqlirup glvwulexwlrq rq wkh lqwhuydo ^3>4‘1 Rxu odvw dvvxpswlrq






/ zkhuh u ghqrwhv wkh lqvwdqwdqhrxv jurzwk udwh dw hdfk wlph w
dqg n wkh fduu|lqj fdsdflw| ri wkh uhvrxufh1 Dv lq wkh jhqhudo fdvh/ wkh glvfrxqw
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Zh ￿uvw frqvlghu wkh fdvh lq zklfk wkhuh lv d iurqwlhu djhqw ￿ ￿A3/ vr wkh
htxdwlrqv 5 dqg 6 krog1 Wkh iurqwlhu djhqw yhul￿hv wkh htxdwlrqv t+￿ ￿>w, @3dqg
￿3
t+t+￿ ￿>w,>￿ ￿, @ ￿/ vr wkdw zh ￿qg lq wklv fdvh
￿ ￿ @ ￿ .4￿ s +47,























vxemhfw wr F4/ F5 dqg F61 +49,
Wkh pd{lpl}dwlrq ri wkh surjudp deryh lq wkh fdvh ri frpprq surshuw|
xqghu frruglqdwlrq ohdgv wr wkh iroorzlqj vwdwlrqdu| htxloleulxp +vhh wkh pd{l0






4 ￿ ￿ .￿ ￿
￿ 4 li ￿Ah ￿
￿ t @3 li ￿ ￿ h ￿











Ohw xv qrz frqvlghu wkh h{wuhph fdvh lq zklfk wkhuh lv qr iurqwlhu djhqw1 Lq
wklv h{wuhph fdvh %+￿, @3;￿ dqg doo ri wkh surgxfhuv duh doorzhg wr h{wudfw





s^u￿ {+4￿ ￿ {
n,.4‘
￿ 4 dqg t @
s
4 ￿ ￿ . ￿
￿ 4
<Wkh rqo| gl￿huhqfh irxqghg ehwzhhq wkh vwdwlrqdu| htxloleulxp lq wkh jhq0
hudo fdvh ￿ ￿A3 dqg wkh vwdwlrqdu| htxloleulxp lq wkh h{wuhph fdvh zkhuh ￿ ￿ grhv
qrw h{lvw lv wkh ydoxh ri wkh vkdgrz frvw ri wkh uhvrxufh1 Dv vkrzq lv vhfwlrq
6/ wkh lqwxlwlyh vroxwlrq vxjjhvwv wkdw ￿ ￿?￿ +dqg frqvhtxhqwo| ￿ t+￿, A t +￿, li





Ohw xv qrz frqvlghu wkh sduwlfxodu fdvh lq wkh frqwh{w ri dv|pphwulf lqirupdwlrq1
Iurp wkh sursrvlwlrq 6 zh rewdlq wkh iroorzlqj rswlpdo frqwudfw
a t +￿>w, @
s+4 . ￿,
4.￿ ￿ %+￿, . ￿+w, ￿ ￿+4.5 ￿,
￿ 4 +4;,






￿ +4 ￿ ￿,
￿
b a tg￿ +4<,
Wkh vwdwlrqdu| htxloleulxp ri wkh sduwlfxodu fdvh lq dv|pphwulf lqirupdwlrq
ohdgv wr wkh vwrfn a {/ wkh lqglylgxdo vkduh ri h{wudfwlrq a t+￿, dqg wkh vkdgrz frvw
















￿ +4 ￿ ￿,
￿
. ￿￿ +55,
Wkh iroorzlqj sursrvlwlrq jlyh xv wkh frpsdulvrq ehwzhhq wkh vwdwlrqdu|





dqg lq wkh fdvh ri dv|pphwulf lqirupdwlrq +a {> a t +￿,> a ￿,1
Sursrvlwlrq 8 Iurp wkh htxdwlrqv gh￿qlqj wkh vwdwlrqdu| htxloleulxp lq wkh
fdvhv ri shuihfw lqirupdwlrq dqg dv|pphwulf lqirupdwlrq/ zh frpsduh wkh fru0
uhvsrqglqj vwdwlrqdu| vkdgrz sulfhv lq wkh iroorzlqj zd|=
￿ ￿ ￿ a ￿ dqg ￿ t+￿, ￿ t +￿,
￿ ￿ @a ￿ li ￿ @3
Fruroodu| 9 Zkhq ￿A3 dqg iru olwwoh ydoxhv ri ￿ dqg wkh rssruwxqlw| frvw/
zh fdq h{shfw suredeo| a t +￿, A t+￿,1
Vhh wkh surri lq dsshqgl{ J1
43[
µ





N [ N￿￿￿ ￿U￿￿￿ δ
µ A
+e,
Iljxuh 51 Vwdwlrqdu| htxloleulxp lq shuihfw lqirupdwlrq +d,
dqg lq dv|pphwulf lqirupdwlrq +e,1
$   	    
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Frpprq surshuw| uhjlphv vx￿hu riwhq frqjhvwlrq h￿hfwv hyhq zkhq uljkwv ri
surshuw| duh fohduo| gh￿qhg1 Lq wklv sdshu zh kdyh frqvlghuhg wkh fdvh lq zklfk
d uhqhzdeoh uhvrxufh lv ryhuh{sorlwhg lq devhqfh ri dq| nlqg ri frruglqdwlrq
dprqj rzqhuv1 Wkh ￿qdo lvvxh lv wkh frpsohwh uhqw glvvlsdwlrq1
Krzhyhu zkhq d frruglqdwlrq dsshduv lq wkh pdqdjhphqw ri wkh frpprq/
zh fdq h{shfw d gl￿huhqw lvvxh1 Lq rxu prgho zh lqwurgxfh frruglqdwlrq lq wkh
zd| ri wkhuh lv d uhjxodwru pd{lpl}lqj wkh mrlqw sur￿w ri d frqwlqxxp ri rzqhuv1
Xqghu shuihfw lqirupdwlrq zh vkrz krz d vxevhw ri surgxfhuv fdq eh hi0
￿flhqwo| h{foxghg ri wkh dffhvv wr wkh frpprq1 Wkh iurqwlhu ehwzhhq wkrvh
djhqwv zkr duh doorzhg wr xvhg xs wkh uhvrxufh dqg wkrvh zkr gr qrw h{wudfw
lw lv hqgrjhqrxvo| ghwhuplqhg1 Wkh fkdudfwhulvwlfv ri wkh uhqhzdelolw| ixqfwlrq
dqg wkh sur￿w ixqfwlrq ghwhuplqhv erwk zkhuh wkh iurqwlhu djhqw lv sodfhg zlwk
uhvshfw wr wkh frqwlqxxp ri surgxfhuv1 Qhyhuwkhohvv lw lv srvvleoh wkdw doo wkh
surgxfhuv duh doorzhg wr h{sorlw wkh uhvrxufh1 Wklv sureohp ri sduwldo h{foxvlrq
ri surgxfhuv dulvhv lq wkh shuihfw lqirupdwlrq frqwh{w1
Lq wkh fdvh ri dv|pphwulf lqirupdwlrq/ zh frqvlghu wkdw wkh sureohp ri
frpprqv fdq eh vroyhg e| d phfkdqlvp ghvljq edvhg rq frqwudfwv1 Zh irfxv
rq fkdqjh ri wkh vwdwlrqdu| htxloleulxp zkhq lqirupdwlrq frqwh{w fkdqjhv1 Wkh
pdqdjhphqw ri wkh frpprqv lq wkh fdvh ri dv|pphwulf lqirupdwlrq ohdgv wr d
kljkhu vkdgrz sulfh ri wkh glvsrvdo vwrfn/ lqvwhdg wkh vwdwlrqdu| glvsrvdo vwrfn
uhpdlqv xqfkdqjhg1 Vrph dgghg uhvxowv duh h{klelwhg zkhq zh frqvlghu vrph
sduwlfxodu ixqfwlrqv gh￿qlqj wkh uhqhzdelolw| ri wkh uhvrxufhv/ wkh sur￿wdelolw|
ri surgxfhuv dqg wkh ghqvlw| ri wkh shuirupdqfh fkdudfwhulvwlfv1 Lqglylgxdo
h{wudfwlrq txrwd fkdqjhv zkhq wkh lqirupdwlrq frqwh{w fkdqjhv dqg zkhq wkh
rssruwxqlw| frvw ri sxeolf ixqgv lv srvlwlyh1 Zkhq wkh rssruwxqlw| frvw ri
sxeolf ixqgv lv srvlwlyh/ zh fdq h{shfw wkdw wkh ohvv h!flhqw djhqwv duh vxssolhg
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Ohw frqvlghu wkh wrwdo ghulydwlyh ri wkh frqvwudlqw : uhodwhg wr ￿1 Lq wkh fdvh













tt+￿ t>￿, kdv d srvlwlyh vljq xqghu a t wkh dvvxpswlrqv
￿33
t￿ A 3 dqg ￿33
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t +t+￿>w,>￿, @ ￿ ￿ %+￿, > %+￿, @3li ￿A￿ ￿ dqg %+￿, A 3 li ￿ ￿ ￿ ￿
b ￿
￿
@ ￿ ￿ I3+{,
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Ohw xv frqvlghu wkh ghulydwlyh ri wkh LF4 frqvwudlqw uhodwhg wr ￿ ￿1 Wkh vhfrqg
rughu frqglwlrq lv vxfk wkdw
￿33
tt +a t>￿, b a t5 . ￿3
t +a t>￿, ￿ a t .￿ ￿?3 +56,
Zh surfhhg qrz wr gl￿huhqwldwh wkh LF4 frqvwudlqw iru dq| ￿1 Lq dq| fdvh wkh




tt +a t>￿, b a t5 . ￿33
t￿ +a t>￿, b a t . ￿3
t +a t>￿, ￿ a t .￿ ￿ @3
Vr wkdw/ e| wkh htxdwlrq 56/ zh ￿qg
￿33
tt +a t>￿, b a t5 . ￿3
t +a t>￿, ￿ a t .￿ ￿ @ ￿￿33
t￿ +a t>￿, b a t?3
45Wkh LF5 frqvwudlqw lv vxfk wkdw
￿33
t￿ +a t>￿, b a tA3
.  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Ohw eh wkh lqirupdwlrq uhqw
U+￿,@￿+a t>￿, ￿ ￿+t￿>￿,.￿




t +a t>￿, b a t . ￿3
￿ +a t>￿, ￿ ￿3
t +t￿>￿, b t￿ ￿ ￿3
￿ +t￿>￿, .b ￿




￿ +a t>￿, ￿ ￿3
￿ +t￿>￿,
zklfk kdv d qhjdwlyh vljq ehfdxvh ￿33








￿￿g￿ whup ri wkh Kdplowrqldq ixqfwlrq lq vhfwlrq 71
Ohw qrwh x @ ￿ +￿, dqg gy @ ￿ +￿,g￿1 Frqvhtxhqwo| gx @b ￿g￿ dqg y @￿+￿,1
Zh frpsxwh wkh lqwhjudwlrq e| sduwv
￿U













zklfk lv htxlydohqw +e| LF4, wr
] 4
3




t +a t>￿, b a tg￿
Wklv odvw htxdwlrq fdq eh lqwurgxfhg lq wkh Kdplowrqldq ixqfwlrq1
/   / 
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Dv vdlg lq vhfwlrq 6/ wkh frqvwudlqwv F5 dqg F6 duh erwk qrw elqglqj vr lwv











46Wkh pd{lpl}dwlrq frqglwlrqv duh
￿3
t +t+￿>w,>￿,@￿ > ;￿ 5 ^3>4‘
b ￿
￿
@ ￿ ￿ I3+{,






Wkh vwdwlrqdu| htxloleulxp ohdgv wr wkh vwrfn {/ wkh lqglylgxdo vkduh ri
h{wudfwlrq t+￿, dqg wkh vkdgrz frvw ri wkh uhvrxufh ￿ vxfk dv














Li zh dvvxph ￿33
tt ? 3 dqg ￿33









Ohw xv frqvlghu wkh htxdwlrqv gh￿qlqj wkh vwdwlrqdu| htxloleulxp lq wkh fdvh ri
shuihfw lqirupdwlrq +vhh wkh sursrvlwlrq 4, dqg wkh htxdwlrqv gh￿qlqj wkh vwd0
wlrqdu| htxloleulxp lq wkh fdvh ri dv|pphwulf lqirupdwlrq +vhh wkh sursrvlwlrq
7,1E |￿3
t A 3 dqg ￿33
t￿ A 3/z hn q r zw k d wa ￿ dqg ￿ kdyh erwk srvlwlyh vljq1
Li zh frqvlghu a ￿?￿/w k h qe |￿33
tt ? 3 dqg wkh htxdwlrqv : dqg 46 zh kdyh
;￿ > ￿3





zklfk lq whupv ri lqglylgxdo h{wudfwlrq txdqwlwlhv lpsolhv wkdw
;￿ > a t +￿, ? t +￿,
Krzhyhu wklv odvw uhvxow lv qrw srvvleoh ehfdxvh wkh wrwdo dprxqw ri h{wudfwlrq
lv htxlydohqw lq erwk fdvhv +vhh htxdwlrqv 9 dqg 45,1 Vr wkdw zh ￿qg a ￿ ￿ ￿1
Ixuwkhupruh/ zkhq ￿ @3 / e| wkh htxdwlrqv : dqg 46 zh kdyh a ￿ @ ￿1
Zkhq ￿ @3wkh htxdwlrq 46 ehfrphv
+4.￿,￿3
t+a t +￿,>￿, A￿ 3
t+t +￿,>￿,
vr wkdw zh fdq h{shfw a t +￿, A t +￿, li ￿ dqg ￿ dssurdfk wr }hur1
47	
^4‘ G1S1 Edurq dqg U1E1 P|huvrq1 Uhjxodwlqj d prqrsrolvw zlwk xqnqrzq
frvwv1 Hfrqrphwulfd/ +83,=<44￿<63/ 4<;51
^5‘ Mhdq0Pduf Erxujhrq/ Slhuuh0Dodlq Md|hw/ dqg Slhuuh Slfdug1 Dq lqfhq0
wlyh dssurdfk wr odqg vhw0dvlgh surjudpv1 Hxurshdq Hfrqrplf Uhylhz/
+6<,=47;:￿483</ 4<<81
^6‘ Doskd F1 Fkldqj1 Glqdplf Rswlpl}dwlrq1 PfJudz0Kloo/ 4<<51
^7‘ J1 Kduglq1 Wkh wudjhg| ri wkh frpprqv1 Vflhqfh/ +495,=4576￿457;/ 4<9;1
^8‘ M10M1 Od￿rqw dqg M1 Wluroh1 Xvlqj frvw revhuydwlrq wr uhjxodwh ￿upv1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/< 7 +6,=947￿974/ 4<;91
^9‘ M10M1 Od￿rqw dqg M1 Wluroh1 D wkhru| ri lqfhqwlyhv lq surfxuhphqw dqg
uhjxodwlrq1 Wkh PLW suhvv/ 4<<61
^:‘ H1 Rvwurp1 Jryhuqlqj wkh Frpprqv 0 Wkh Hyroxwlrq ri Lqwlwxwlrqv iru
Froohfwli Dfwlrq1 Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<31
^;‘ E1 Vdodql￿1 Wk￿rulh ghv frqwudwv1 Hfrqrplh hw Vwdwlvwltxhv Dydqf￿hv1 Hfr0
qrplfd/ 4<<71
^<‘ S1D1 Vdpxhovrq dqg Z1G1 Qrugkdxv1 Hfrqrpld1 PfJudz0Kloo/ 46 hglwlrq/
4<<31
^43‘ U1 Vkrqh1 Hfrqrplf G|qdplfv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<:1
48